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Throughout, we will assume @) is a given acyclic quiver, and we will work in the category
of representations of ) over a given base field k. In §1, we define £(M, N), the extensions
of M by N for two representations M, N, and define a binary operation on £(M,N). In
§2, we show that this operation makes £(M, N) an abelian group. In §3, we describe an
isomorphism of £(M, N) with Ext'(M, N).

1 Definition of £(M, N)

Much of this discussion of extensions parallels extensions in the category of groups or R-
modules. For some discussion of the R-module version, see Weibel’s Introduction to Homo-
logical Algebra [2].

Definition 1.1. Let M, N € rep Q. An extension ( of M by N is a short exact sequence
of the form

0 s N > B s M > 0

Definition 1.2. Two extensions (,(" of M by N are equivalent if there is a commutative
diagram

0 s N > B s M > 0
lIdN l¢7 Idns
0 s N s Y s M s 0

Note that by the Five Lemma, any such ¢ is an isomorphism.

Definition 1.3. The group of extensions E(M,N) of M by N is the set of equivalence
classes of extensions of M by N. (We haven’t yet defined a group structure on this set, but
we will.)

Our first objective is to define an abelian group structure on £(M, N). Our second objective
is to show that £(M, N) = Ext'(M, N) as abelian groups, after defining Ext'(M, N).

First, we define a binary operation on extensions. Then we will show that it is well
defined on equivalence classes of extensions.

Definition 1.4. Let M, N € rep @, and let (,(’ be the following extensions of M by N.
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¢ 0 N g2 > 0
¢ 0 N A RN > 0

Define

E"={(x,2") e E®FE : g(z) = ¢'(2')}
D"={(f(n),—f'(n)) e E®E :ne€ N}

Then define F'= E"/D". Finally, the extension ¢ + (' is defined to be

0 sy N Ly s 0

where f"(n) = (f(n),0) and g"(x,2") = g(x).
This addition is called the Baer sum, at least in the context of R-modules.
Lemma 1.1. The definition above makes sense. More specifically,
1. E" and D" are representations of Q, and D" is a subrepresentation of E".
2. f" and " are well defined and are morphisms in rep Q.
3. The sequence involving F' is exact.

Proof. (1) E” is a representation of () by Exercise 1.8 in [1]. D" is a subrepresentation of
E @ E' by Exercise 1.9 in [1]. Also, D" C E", since

g(f(n))=0=g¢(=f(n) VneN

(2) It is clear that f” is well defined and is a morphism. We check that ¢” is well defined by
showing that it vanishes on D”.

g"(f(n),—f'(n)) = gf(n) =0

It is clear that ¢” is a morphism, since g is a morphism.
(3) We check that the sequence involving F' is exact. First, we show injectivity of f”. If
n € ker f”) then there exists n’ € N such that

f'(n) = (f(n),0) = (f(n), =f'(n)) = 0=—f"(n)

which implies n’ = 0 by injectivity of f’. Then f(n') = 0 so f(n) = 0 as well, son =0
by injectivity of f. Thus f” is injective. Now we show ¢” is surjective. Let m € M. By
surjectivity of g, ¢', there exist x € F, 2’ € E’ so that g(x) = ¢’(2’) = m. Then

g'(x, ') = g(x) =m
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so ¢” is surjective. Finally, we show that ker ¢” = im f”. It is easy to see that im f” C ker ¢g”,
since

g'f"(n) = g"(f(n),0) = gf(n) =0

We need to check that ker g C im f”. Let (z,2’) € kerg”, so 0 = g(x) = ¢'(z’). By exactness
of (,{’, x € im f and 2’ € im f’, so there exist n,n’ € N such that f(n) =z and f'(n’) = 2'.
Then

(f(
= (f(n) + f(n),0)
= (f(n) + f(n'),0) + (f(=n'), = f'(—=n))
= (f(n),=f(n"))
= (z,2')
thus ker ¢” C im f”. O

With this lemma in hand, we know that our addition is well defined on exact sequences.
Now we need to check that it induces a well defined addition on £(M, N).

Definition 1.5. Let [(],[('] be equivalence classes of extensions in E(M,N). We define
addition in E(M,N) by

[+ ¢ =[¢+(]
Lemma 1.2. This addition on E(M,N) is well defined.

Proof. We need to show that if [y] = [(] and [y/] = [('], then [y + 7] = [¢] + [¢]. Let
¢, v, v, ¢+, v+ be the following extensions.

¢ 0—s N2 p 23 mMm—so0

¢ 0 N AN RNy > 0
y . f//\ g//\ .

C+¢ 0—sN-Lopr L n—o

o 0 sy N s L M > 0

~' 0 N AN~ N > 0
’ h! j”

v+ 0 > N > T > M > 0

where F' = E"/D" and T' = S”/R". Because [y] = [(] and [y] = [(’], there is are isomor-
phisms ¢ : E— S and ¢' : E/ — S’ making the following diagrams commute.
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0 N1 B2y M s 0
lld ld% lld
0 s N Iy o jl>M s 0

Then we have an isomorphism ¢ & ¢’ : E® E' — S @ S’ given by (z,2') — (¢(z), ¢'(2')). We
claim that ¢ @ ¢’ induces an isomorphism F' — T giving an equivalence [¢ + ('] = [y +7/].

First, we claim that ¢ @ ¢'|g : E” — S @ S’ has image contained in S”. This follows
from the right side commutative squares. For (x,2’) € E”, we have g(x) = ¢'(2'), so

¢ ® ¢ (x,2) = (¢(x),¢(z')) € S” because jo(z) = g(z) = ¢'(2') = j'¢'(<')

We also claim S” is contained in the image. For (y,y') € S”, we have j(y) = j'(v/), so
(¢~ (v), (¢')'(¥)) € E" because go~'(y) = j(y) = j'(v') = ¢'(¢') "' (v'). Thus

o@ ¢ (67 (y), ()W) = .y

so S” is the image. Now we claim that ¢ @ ¢'|pr : D” — S @ S” has image R”. Containment
and surjection follow from left side commutative squares, as seen below.

¢® ¢'(f(n),—f'(n)) = (¢f(n), =¢'f'(n)) = (h(n), =h'(n)) € R

So ¢ & ¢ restricts to isomorphisms E” — S” and D" — R’. Thus ¢ & ¢’ induces an
isomorphism E”/D"” — S”/R", that is, FF — T, making the following diagram commute.

fl/

¢+ 0— N5 Fr LM —s0
lld l¢>@¢/ lld
v+ 0 N LA L N > 0
Thus [¢ + ('] = [y +71]. O

2 Verifying Group Axioms
Proposition 2.1. £(M, N) is an abelian group with this addition.

We break this into several separate propositions, so that the reader can easily find the proof
of a particular property.

Proposition 2.2. The split extension is an additive identity in E(M, N).

Proof. First, we claim that the equivalence class of the sequence [a], depicted below,
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0 » N —— NoM —— M > 0
acts as an addtive identity in £(M, N). Let [(] € £(M, N) with representative

0 N AN S AN s 0
Then we set
E" = {(e,(n,m)) € E® (N & M) : g(e) = n(n, m)}
={(e,(n,m)) e E®(N® M) :gle) =m}
D"={(f(n),—t(n)) e E&(N® M):ne N}
={(f(n),(-n,0)) e Es (N & M)}
F:E///D//

Then [¢ + «] is represented by
0 s N L M > 0

where f”(n) = (f(n), (0,0)) = (f(n), (0,0)) and ¢"(e, (n,m)) = g(e). We claim that [(+«] =
[¢]. To show this equivalence, we exhibit an explicit equivalence of extensions. Define ¢ :
E — Fbyers (e,(0,g(e)) and ¢ : F — E by (e, (n,m)) + e+ f(n). It is straightforward
to see that ¢ is well defined, maps into F', and is a morphism. We check that v is well
defined by checking that it vanishes on D”.

U(f(n),(=n,0)) = f(n) + f(—n) =

It is clear that 1) maps into £ and is a morphism. Now we show that ¢, 1) are inverse.

Po(e) = (e, (0,9(e))) = e+ f(0) =
¢Y(e, (n,m)) = dle+ f(n)) = (e + f(n),(0,9(e + f(n))))

Finally, we check that the following diagram commutes.

0 y N L B2 M > 0
lld laﬁ lId
0— N Lm0
¢f(n) = (f(n),(0,0)) = f"(n)
g"9(e) = g"(e, (0,9(e))) = g(e)
Thus [¢ + a] = [(], so [a] is an identity in E(M, N). O
Proposition 2.3. Addition in E(M, N) is associative.
Proof. Let (; for 1 = 1,2, 3 be extensions of M by N.
Gi 0 v N L B 2 M > 0



Let

Eij = {(2s,2;) € E; ® Ej : gi(x:) = g(7;)}
Dij = {(fi(n), = f;(n)) :n € N}
Fij = Eij/ Dy

and define f;; : N = Fy; by fi;(n) = (fi(n),0) and gi; : Fyy — M by gij(xs, 2;) = gi(2:).
That is, ; + ¢; is represented by

fij gij

0 > N > I > M > 0

Then set

Eujr = {((xi,%)axk) € Fy; @ Ey : gij(4, 7)) = gk($k)}
w = 1(fi;(n), fe(n)) :m € N}

Fjye = Eapr/Dagp

EW) = {0 (. 00) € Be® Fy: gi(a) = gy ) |
Digwy = {(fz( ), fik(n)) :n € N}

Eyry = Eigry/ Dig)

and let fujyk, 9uje and figr), Gigiky so that (G + ¢;) + ¢ and ¢ + (¢; + (k) are respectively
represented by

faj 9(ij

0 —— N =% B —25% M —— 0
fig i (4

0 y N U0, Fitr) Ny V) > 0

We care about the case i = 1,7 = 2,k = 3. We define ¥ : E(193 — Ej(23) by

U (w2, 2) = (2, (o) )

First, we need to check that this is well defined; for this it is sufficient to check that ¥ vanishes
on the zero element of E(12)3. We can represent the zero element of 12y by ((0,0),0), which
clearly goes to the zero element of Ej(93) under ¥, so it is well defined.

We also need to check that the image is contained in Ej(a3). For <(ZL’1,JI2),[L’3> € Euys

we have gio(x1,x9) = g3(x3), so gi1(x1) = ga(x2) = g3(x3) (because (z1,z3) € Ej3). Thus
g1(x1) = ga3(2,3), so the image is contained in Fy(93) as desired.
Now we claim that W maps D(12)3 to Dy(23). For n € N,

¥ (fua(n), fo(m) = ¥ ((A0),0), fo(m)) = ¥ (0, 0], fo(m)) = (0. (7). s(m)) € Dy

Thus ¥ induces a morphism F(19)3 — Fj(23). Finally, we need to check that the following
diagram commutes.



o
N
=

s

<8
=
N
o

0 > N ”>Z-(jk) B M > 0

Note that fugs(n) = (fi2(n),0) and fiez(n) = <f1(”), 0a0)> and 9(12)3(($1,9€2)7$3> =

912($17$2) = 91(1151) and g1(23) (171, ($2,I3)) = 91(951>-

faz(n) = U(F(n),0) = ¥ ((7i(1),0).0) = ((0),(0.0)) = fizg(n)
91(23)‘I’<(I1, $2), 333) = g1(23) («Tla (xz, 1‘3)) = 91($1) = 9(12)3<($1, Iz), $3)

Thus the diagram commutes and W is an equivalence of extensions. (Note that by the Five
Lemma, we any morphism making this commute is an isomorphism.) [

Proposition 2.4. If [(] € E(M, N), there is an extension —C so that [(] + [—(] = [0].

Proof. Let ( be the extension
/

0 s N s B —2 s M

e}

Then we have another extension, which we call —(,

0 y N B2 M > 0

We claim that [¢] + [—(] = [0], that is, ( + (—() is equivalent to the split extension. Let’s
describe ¢ + (—(). It is

0 N AN S AN V' s 0

where

E'"={(z,2") e E® E : g(x) = g(z')}
D" ={(f(n),f(n)) :n € N}
F — EI///D//

and f"(n) = (f(n),0) and ¢"(z,z’') = g(x) = g(«’). We define a morphism ¢ : N ® M — F
as follows. For m € M, there exists x € F so that g(z) = m by surjectivity of g. We define
¢(n,m) = (f(n) + x,z). We need to check that this is well defined. Suppose x,z’ are two
different lifts of m. Then x — 2’ € ker g, so there exists n € N with f(n') = — 2/, so for
n € N, we have

(f(n) +z,2) = (f(n) +2',2") = (z — 2’ 2w = 2) = (f(n'), f () € D"

which implies that f(n) +x,x) = (f(n) + 2/, 2’). Thus ¢ is well defined. We verify that the
diagram below commutes, and thus ¢ is an isomorphism, and we have [¢ + (—()] = [0].




¢u(n) = ¢(n,0) = (f(n),0) = f"(n)
g"¢(n,m) = g"(f(n) + z,2) = g(f(n) + ) = g(x) = m = m(m)

Proposition 2.5. Addition in E(M, N) is commutative.

Proof. Let (; for i = 1,2 be extensions of M by N.

¢ 0—N-JLsp %M

=}

Let

(75,75) € B; @ Ej : gi(w) = gj(x5)}
(fi(n),=fj(n)) :n € N}
Eij/ Dy

{
{

Fij

and define f;; : N — Fj; by fi;(n) = (fi(n),0) and g;; : F;; — M by gij(@i, x;) = gi(25).
That is, ; + ¢; is represented by

0 . N fij

9ij
> I > M > 0

We have the obvious isomorphism ¥ : Ej5 — Fa; given by (21, x2) +— (29, 21). W restricts to
an isomorphism D5 — Dyq, because

V() —m) = (= £, A) = (fa(=n),—fi(-n))

Thus V¥ induces an isomorphism Fijy — Fy;, and we verify that the following diagram com-
mutes.

0 s N L2y, 22 g s 0
lld l\p lld
0 N NN o L TN ¥ s 0

U fi2(n) = ¥(f1(n),0) = (0, fi(n)) = (0, fi(n)) + (f2(n), = fi(n)) = (f2(n),0) = far(n)
921\I/($17$2) = 921($2,$1) = 92@2) = 91($1) = 912(I17$2)

This completes the proof that £(M, N) is an abelian group.



3 Isomorphism £(M,N) = Ext'(M, N)

Now that we know that £(M, N) is an abelian group, we can describe it’s relationship with
the functor Ext!. First we recall the definition of Ext'. Remember that every representation
of @) has a two-term projective resolution.

Definition 3.1. Let M € rep Q. Let
f

0 y Py y Py~ M > 0

be a projective resolution of M. Then for N € rep Q, we define Ext' (M, N) as the cokernel
of f* in the following sequence.

0 —— Hom(M, N) —~— Hom(Py, N) —— Hom(P;, N)
That is, Ext'(M, N) := Hom(Py, N)/im f*. In particular, the following sequence is exact.
0 —— Hom(M, N) —<— Hom(Py, N) —— Hom(P,, N) — Ext!(M, N) — 0

Note: It is not clear from this definition why Ext'(M, N) does not depend on the choice of
projective resolution. However, there are “standard” results in homological algebra that it
does not. That is, Ext' (M, N) depends on only M and N.

Note that Ext'(M, N) is a k-vector space, so it is also an abelian group. Now we will
show that it is isomorphic to £(M, N) as an abelian group.

Definition 3.2. Fiz a projective resolution P of M.
f

0 y Py y Pp —2— M > 0

Let [¢] € E(M, N) with representative short exact sequnce (.

0 s N 2 B L3 M s 0

Since Py is projective and t is surjective, there exists a : Py — E making the following
diagram commute (by the universal property of projectives).

f

0 y P sy Pp —2— M > 0

‘a lld

0 sy N — s B " s M s 0

By commutativity of this diagram, taf = gf =0, that is, af : Py — kert = ims. Since s :
N — im s is surjective and Py is projective, again using the universal property of projectives,
there is b : P, — N making the following diagram commute.

0—s P 1P -2 M—50

b la Id

0 sy N — s B Y s M

o




Recall that Ext'(M, N) = Hom(P,, N)/im f*, so b is a representative of some class b€
Ext' (M, N). We define ®p : E(M, N) — Ext' (M, N) by ®p[¢] = b.

To save space, we'll just denote ®p by ®. There is some homological algebra behind the
scenes which says that the choice of P doesn’t really matter, but we won’t concern ourselves
with that.

Proposition 3.1. ® is an isomorphism £(M, N) — Ext'(M, N).
We prove the following four statements, in this order.

1. ® does not depend on the choice of a and b.
2. If [¢] = [¢'], then @[¢] = @[(].
3. ® is a group homomorphism.

4. P is bijective.

Proposition 3.2. ® does not depend on the choice of a and b.

Proof. Suppose that when computing ®[(], we choose a; : Py — F and b, : P, — E. Then
we recompute, a&d choose different morphisms a, : Py — F and by, : P, — E. We need to
verify that by = by in Ext'(M, N). That is, we need to show that by — b, € im f*.

0 » Py L, Py 2= M > 0
blubQ alan lId
¢ 0 sy N —— E —t > M > 0

Since ta; = tay = g, we have t(az — ay) = 0. Thus ay — a; : Py — E has image contained
in kert = ims. Then by projectivity of Fp, there exists ¢ : Py — N making the following
diagram commute.

P

q l
agz—ai
K

Then
sqf = (aa —a1)f = asf — a1 f = sby — sby = s(by — by)

By injectivity of s, this implies qf = by — by, that is, f*q = by — b;. O]
Proposition 3.3. If [(] = [(], then ®[(] = ®[('].

Proof. Let (, (" be two equivalent extensions of M by N (i.e. [¢] = [(']).

¢ 0 sy N = F 1+ M > 0
lld le lId
¢ 0 y N =0 pr =070 > 0
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Let a,a’ : Py — E and b,0/ : P, — N be the morphisms constructed for ®[¢] and ®[(’]
respectively.

0 > Py N Py M > 0
b la lld
¢ 0 sy N —— E —t > M > 0
By part (1), we can choose a’ to be any morphism making the following diagram commute.
F
a/ lg
L
! M > 0

it
In particular, we can choose @’ = fa, since then the diagram commutes, as demonstrated by

the following calculation.
ta =t 0a=ta=g

(ta = g by the original diagram for ¢.) We can also choose V' to be any morphism making
the following diagram commute.

P
b/ la/fzeaf
L
N —» ims —— 0
s'=0s
In particular, we can choose b’ = b, since then the diagram commutes, as demonstrated by

the following calculation.
s'b = 0sb = Oaf

(sb = af by the original diagram for ¢.) Thus ®[¢] = b and ®[('] = b. ]
Proposition 3.4. ® is a group homomorphism.

Proof. Let [(],[¢'] € E(M,N). We need to show that ®[¢ + ('] = ®[¢] + ®[¢']. Choose
representatives ¢, (.

¢ 00— N —=sF ‘1M

o

2\

N s F Yy M

o

¢’ 0

~
2\

Then we let

E'={(z,2")e E® E :t(x) =1(2')}
D" ={(s(n),—s'(n)) :ne N}
F — E///D//

and we have a representative of ¢ 4 (.
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1"

¢ 0 y N 5 F Y5 M > 0

where s”(n) = (s(n),0) and t"(z,2') = t(x). Let a,a’ : Py — E and b,b' : P, — N be
morphisms constructed to compute ®[(], [(’] respectively.

Py P

@ lg @ lg
. L

0
F — s 0 £ S s 0

t/

Then we define a” : Py — F by a"(p) = (a(p),a’(p)). Notice that this lies in F' because
t'a’(p) = ta(p) = g(p) by the commutative triangles above. Then we have t"a"(p) = ta(p) =
g(p), so the following diagram also commutes.

F o M > 0

By construction of b, b, we also have commutative diagrams

P P
b sz v la’f
L'JA. 0 L;".
N —— ims —— 0 N —» ims —— 0
S

Then we define b” = b+ ', and we calculate

s"V"(p) = s"(b(p) + V'(p)) = (sb(p) + sV/(p),0) = (sb(p), s'V/(p)) = (af(p),a'f(p)) = a" f(p)

so the following diagram commutes.

e e

.
N — im s —250
Thus ®[¢ + '] = b, by our proposition about the freedom to choose our a”,b”. Thus

PC+) =V =b+V =b+1 = d[¢] + P[]

Proposition 3.5. ® is bijective.

Proof. We define an inverse mapping. Given b € Extl(M ,N), choose any representative b,
which is a morphism P; — N. Then let E be the pushout of b and f (see Exercise 1.9 of
Schiffer). Namely,

E=(Ph® N)/A{(f(z),=b(z)) : z € 1}

By Exercise 1.9, we then have a commutative diagram with exact rows.
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f

0 sy P sy Pp —2 5 M > 0
lb la Id
0 sy N —2 s E—t 5 M > 0

where s(n) = (0,n) and a(p) = (p,0) and t(p,n) = g(p). Then take [¢] € E(M,N) repre-
sented by the exact sequence on the bottom. This gives us an assignment ¥ : Ext' (M, N) —
E(M,N).

We need to check that this doesn’t depend on the choice of b. Suppose we have by, s :
P, — N with b; = by. Let E; be the pushout of b;, f, with associated morphisms s;, t;.

Ei = (Fo® N)/{f(p),=bi(n)}  si(n) =(0,n)  ti(p,n) = g(p)

By definition, ¥(b;) and W(by) are represented by the following exact sequences.

W(by) 0 y N s B~y M > 0
lld lld
W(by) 0 y N =25 By 25 M > 0

We need a morphism ~ : E; — E» making the diagram above commute, so that [¥(b;)] =
[U(by)]. Because by = by, we have by — by € im f*, so there exists f : Py — N with
f*B = Bf = by — by. Define v : Ey — Es by v(p,n) = (p,n+ B(p). Note that v is well
defined because it vanishes on {f(p), —b1(n)}, by the following calculation.

V(S (@), =01(2)) = (f(2), =bi(z) + Bf(2)) = (f(2), =ba(x)) = O

And by the following calculation, the required diagram commutes.

vs1(n) =~v(0,n) = (0,n+ B(0) = (0,n) = s2(n)

tyy(p,n) = ta(p,n + B(p) = 9(p) = ti(p,n)

The result of all of this is that we have a well defined function ¥ : Ext* (M, N) — £(M, N).
Finally, we claim that U is an inverse to ®. It is immediate from the definition of ¥ that
OW(b) = b. It remains to show that WP[¢] = [(]. Let [(] have representative extension

0 v N — s B LY s M s 0

then ®[¢] = b fits into the following commutative diagram.

0 v P p s M > 0
lb la Id
0 s N —2 s F 15 M s 0

Then U®[¢] = ¥(b) is the pushout of b and f.
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0 s N — 5 g Y\ s 0

Where E' = (Py@& N)/ ~ and s'(n) = (0,n) and a'(p) = (p,0) and #(p,n) = g(p). We define
v:FPy@® N — E by v(p,n) = a(p) + s(n). Then

Y((f (@), =b(z)) = af(z) — sb(x) =0
so 7 induces a morphism E' — E by v(p,n) = a(p) + s(n). Furthermore, we check that the
following diagram commutes, which makes v an equivalence between [¢] and W®[(].

0 s N s 5 Yy M s 0

Thus &V and P are the respective identites, so ® is a bijection. O

This concludes the proof that ® is an isomorphism of abelian groups.
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